Abstract. Natural analogs of Lie brackets on affine bundles are studied. In particular, a close relation to Lie algebroids and a duality with certain affine analog of Poisson structure is established as well as affine versions of the complete lift and the Cartan exterior calculus.
Introduction.
It is known that the framework based on vector bundles is not satisfactory for classical mechanics. For example, the phase space for the charged particle is not the cotangent bundle of the configuration manifold, but an affine bundle over it ( [20] , [13] ). Also in the frame-independent formulation of Newtonian analytical mechanics the phase space is an affine bundle ( [1] , [17] , [7] , [14] ). The third example is the frame -independent formulation of time -dependent mechanics ( [19] ). In this case the space of infinitesimal configurations (the domain of a Lagrangian) is no longer a vector bundle (the tangent bundle), but the affine bundle of first jets.
On the other hand, the fundamental structure for the Lagrangian first-order mechanics is the Lie algebroid structure of the tangent bundle. In [21] , [9] , [12] one can find an attempt to apply more general Lie algebroids to Lagrangian mechanics. It is natural question to combine affine and Liealgebroidal aspects of mechanics. An attempt to do this has been done in [15, 16] in the context of Euler-Lagrange equations.
In this paper we discuss purely geometrical and algebraic aspects motivated by natural examples of objects which carry a structure of an affine bundle with a canonical bracket.
These examples are presented in Section 2, together with basic concepts of differential geometry on affine bundles.
In Section 3 we define an object which is an abstract generalization of properties of algebraic structures studied in the examples of Section 2. We decided to call this object a Lie affgebroid. It basicaly coincides with the concept developed in [15] . In Section 3 we also introduce affine versions of Poisson and Jacobi structures.
Section 4 is devoted to studying some cohomology of Lie algebroids which helps to clasify Lie affgeboids up to an isomorphism.
In Section 5 we pass to affine-linear duality, i.e. we study the vector bundle of affine functions on affine bundle. The duality is then used, in Section 6, to show that Lie affgebroids are particular substructures of Lie algebroids. This point of view makes it possible to define complete lifts of sections of affgebroid and Cartan calculus as restrictions of appropriate objects from the Lie algebroid. This is done in Section 7.
Finally, in Section 8, we discuss an affine analog of the well-known correspondence between Lie algebroid structure on vector bundle E and linear Poisson structure on the dual E * . In this context we study natural affine bundle structures associated with epimorphisms of vector bundles. The dual structure for Lie affgebroid bracket appears to be a Poisson-like bracket on sections of a one-dimensional affine bundle. We decided to call it aff-Poisson structure to point out the relation to the usual Poisson bracket on functions. 
Throughout this paper we shall consider only bundle morphisms over the identity on the base. We will denote by Aff M (A 1 , A 2 ) (resp. Hom M (V 1 , V 2 )) the set of such morphisms in the affine (resp. vector) case. We shall also write Aff(A, R) instead of Aff M (A, M ×R) and Lin(V, R) instead of Hom M (V, M ×R).
For a bi-affine mapping F :
we denote by F v and v F , respectively, the mappings 
These mappings are, respectively, affine-linear and linear-affine in the obvious sense. By F v we denote the bilinear part of F , i.e.
There are obvious generalizations of F v and F v for the case of n-affine mappings.
By a special vector bundle we mean a vector bundle with a distinguished non-vanishing section, and by a special affine bundle we mean an affine bundle modeled on a special vector bundle. Let V = (V, ϕ) and V ′ = (V ′ , ϕ ′ ) be special vector bundles. A morphism F : V → V ′ of vector bundles is called a morphism of special vector bundles if ϕ and ϕ ′ are F -related. A morphism of special affine bundles is a morphism of affine bundles such that its linear part is a morphism of special vector bundles. We call an n-dimensional affine bundle τ : A → M trivial if A = M × R n as an affine bundle, and vectorially trivial if its model vector bundle is trivial:
Remark. Any section σ ∈ Sec(τ ) of A induces an obvious isomorphism I σ ∈ Aff M (A, V(A)) of affine bundles:
If A is vectorially trivial, this gives a trivialization
Thus, vectorially trivial affine bundles are trivializable but not trivial if no canonical section is given.
An affine morphism
we call an affine differential operator of order n if
is a differential operator of order n. Similarly, D is an affine quasi-derivation (or, following Mackenzie
We denote by AffDiff n (A 1 , A 2 ) the space of affine differential operators of order n, by AffQder(A 1 , A 2 ) the space of affine quasi derivations, and by AffDer(A 1 , A 2 ) the space of affine derivations (we will write simply AffDer(A, R) instead of AffDer(A, M × R), etc.). These spaces are affine spaces modeled on the corresponding vector spaces AffDiff
, and AffDer(A 1 , R), respectively.
Example 1. For a one-dimensional vectorially trivial affine bundle Z, the space AffDer(Z, R) is not only a vector space, but also a C ∞ (M )-module. Let D: Sec(Z) → C ∞ (M ) be an affine derivation with the linear part D. It is easy to see that the formula
defines a Lie bracket on AffDer(A 1 , R). Moreover,
i.e. we have a Lie pseudoalgebra structure on the C ∞ (M )-module AffDer(A 1 , R) (cf. [10] ). Let σ be a section of Z. With the trivialization I σ : Z → M × R (see (6))we can identify sections of Z with functions on M . An affine derivation D ∈ AffDer(Z, R) induces an affine derivation on C ∞ (M ):
i.e, AffDer(Z, R) can be identified with X(M ) × C ∞ (M ). Here X(M ) denotes the Lie algebra of vector fields on M . With this identification, the bracket (7) takes the form
A basic fact in differential geometry is that derivations on C ∞ (M ) can be identified with vector fields, i.e. sections of the Lie algebroid TM . Now, we show that we have a similar interpretation for affine derivations.
The canonical R-action ψ: (t, z p ) → (z p + t) on Z induces an R-action ψ * on TZ. The space of orbits of this action we will denote TZ and we will call it the reduced tangent bundle [18] . This is a vector bundle over M and sections of TZ can be identified with ψ * -invariant vector fields on Z. The projection τ : Z → M induces a projection
With this projection, TZ becomes a one-dimensional affine bundle modeled on TM × R (for details see Section 8.). A ψ * -invariant vector field on Z (a section of TZ) is a derivation in the algebra of functions on Z which sends affine functions to functions which are constant on fibers. In local affine coordinates (x a , s) on Z, providing an isomorphism of Z with V(Z) = M × R, an invariant vector field reads
The action ψ(t, x a , s) = (x a , s + t) gives rise to the corresponding fundamental vector field X 0 = − ∂ ∂s . We can identify a section σ of Z with an affine function f σ on Z with the directional coefficient −1 (i.e. X 0 (f ) = 1) and such that f σ • σ = 0. Consequently, we can interpret a section X of TZ as a mapping
It is easy to verify that D X is an affine derivation, i.e. its linear part is a derivation in C ∞ (M ). The Lie bracket of invariant vector fields is an invariant vector field. Thus, we have also the Lie bracket of function-valued affine derivations on Sec(Z). It can be trivially verified that this bracket coincides with the bracket (7).
The Lie bracket on sections of TZ defines a Lie algebroid structure with the anchor τ . It is the principal bundle algebroid of Z interpreted as a principal fibre bundle with the group (R, +). In local coordinates a section x = (x a ) → (x, σ(x)) can be represented by the affine function f σ (x, s) = σ(x)−s. For an invariant vector field X as in (12) ,
Thus D X (σ) = g a ∂σ ∂x a + α is an affine derivation on Z with the linear part represented by the vector field
In fact, TZ is a Lie algebroid with the Lie bracket on sections induced from TZ. In local coordinates
Moreover, TZ has the distinguished section X 0 which corresponds to the fundamental vector field X 0 = − ∂ ∂s of the R-action on Z. It follows that TZ is a special vector bundle. We summarize these observations in the following. It is clear now that the space of sections of n TZ corresponds to the space n AffDer(Z, R) of affine multiderivations on Z with values in C ∞ (M ), i.e. multi-affine skew-symmetric mappings
such that D(a 1 , . . . , a n−1 , ·):
is an affine derivation for any a 1 , . . . , a n−1 ∈ Sec(Z). The graded space
being isomorphic with Sec( TZ) = ⊕ n∈Z Sec( n TZ) is therefore a Gerstenhaber algebra (see [8] ) with the wedge product and the Lie algebroid Schouten-Nijenhuis bracket induced by the Lie algebroid bracket on TZ. With the identification Sec( TZ) = X(M ) × C ∞ (M ), the Lie algebroid bracket on Sec( TZ) is identified with the Lie algebroid bracket of first-order differential operators on M , so that the Gerstenhaber algebra AffDer(Z, R) is identified with the Gerstenhaber algebra of skew-symmetric multilinear first-order differential operators. Thus we get the following.
Theorem 2.
There is a canonical Gerstenhaber algebra structure on the graded space AffDer(Z, R) of multi-affine skew-symmetric derivations on Z with values in
With this identification, the wedge product is
and the Schouten-Nijenhuis bracket reads
where the Schouten-Nijenhuis bracket on the right-hand side is the classical Schouten-Nijenhuis bracket of multivector fields.
Example 2. Let Z be as above. Consider now the affine space A = AffDer(Z, Z) modeled on V(A) = AffDer(Z, R). It is easy to see that the commutator
defines a bracket on A with values in V(A). This bracket is an affine analog of the Lie bracket of vector fields. It is bi-affine and it has the following properties:
it satisfies the Jacobi identity: 
coincides with the Lie algebra bracket on AffDer(Z, R) from the previous example. Given a global section σ of Z, we get (6) an isomorphism I σ : Z → M × R and, consequently, we can identify AffDer(Z, Z) with X(M ) × C ∞ (M ) and sections of Z with functions on M . With these identifications,
Let us recall that I σ provides also the identification of AffDer(Z, R) with
In the previous example we identified an element of AffDer(Z, R) with a section of the reduced tangent bundle TZ. Now, we give a similar construction for AffDer(Z, Z).
There is a canonical diffeomorphism TZ = TZ × M Z and a R 2 -group action on TZ:
where X 0 is the distinguished section X 0 of TZ which corresponds to the fundamental vector field of the R-action on Z (Example 1). In local coordinates this action reads
We reduce TZ with respect to the group homomorphism
i.e., we consider a manifold TZ of orbits of the kernel group (r, −r) with the induced group action
TZ is an affine bundle over M and its model bundle is canonically isomorphic to TZ. The pair (TZ, X 0 ) is a special affine bundle over M denoted by TZ. Sections of TZ correspond to vector fields on TZ, invariant with respect to the R-action
Such a vector field has the local form
The vector field X preserves, as the derivation in C ∞ (Z), the affine subspace of functions with the directional coefficient −1, i.e. such that X 0 (f ) = 1. Since such affine functions represent sections of Z, we get a mapping
Let σ be a section of Z and f σ the corresponding function on Z. In local coordinates
and
Consequently,
The linear part of D X is a derivation in the algebra C ∞ (M ) given by the vector field X M . We conclude that sections of TZ can be viewed as the affine derivations D: Sec(Z) → Sec(Z), i.e. we have the canonical isomorphism of the space of the affine derivations AffDer(Z, Z) and the sections of TZ. Moreover, 
An affine space equipped with an affine Lie bracket we shall call a Lie affgebra. Note that the term affine Lie algebra has been already used for certain types of Kac-Moody algebras.
Definition 2. If A is an affine bundle over M modeled on V(A) than a Lie affgebroid structure on A is an affine Lie bracket on sections of A and a morphism γ: A → TM of affine bundles (over id on
v is a quasi-derivation with the anchor γ(α), i.e.
Remark. The above definition goes back to the one used in [15] but without the additional assumption that the base manifold M is fibered over R and that γ(α) are vector fields projectable onto ∂ ∂t . This requirement was motivated by the particular aim of [15] to get time-dependent Euler-Lagrange equations, but it makes impossible to get all Lie affgebras. We will see later (Theorem 13) that the particular case of [15] means just vanishing of certain cohomology.
The following fact has been proved, in principle, in [15] , Proposition 1 . 
Theorem 4. For every Lie affgebroid structure
is called an aff-Poisson (resp.aff-Jacobi) bracket if
is an affine derivation (resp. an affine first order differential operator) for every α ∈ Sec(Z).
We use the term aff-Poisson, since affine Poisson structure has already a different meaning in the literature.
Theorem 5. For every aff-Poisson (resp. aff-Jacobi) bracket
is a Poisson (resp. aff-Jacobi) bracket. Moreover,
is a derivation (resp. first-order differential operator) for every section α ∈ Sec(Z), which is simultaneously a derivation of the bracket { , } v . Conversely, if we have a Poisson (resp. Jacobi) bracket { , } 0 on C ∞ (M ) and a derivation (resp. a first-order differential operator)
which is simultaneously a derivation of the bracket
Proof: The above theorem is a direct consequence of Theorem 4.
Remark. Using a section σ to identify Sec(Z) with C ∞ (M ), we get the aff-Poisson (resp. aff-Jacobi) bracket on Sec(Z) in the form
where D is a vector field (resp first-order differential operator) which is a derivation of the Poisson (resp. Jacobi) bracket { , 
for certain vector field µ (X2,...,Xn) on M .
Theorem 6. The standard Chevalley coboundary operator
can be restricted to the subcomplex of multi-quasi-derivations, i.e.
Proof: The proof consists of standard calculations in order to show that, for µ ∈ C n Qder (E, E),
for certain vector field D on M depending on X 1 , . . . , X n and µ.
The corresponding cohomology spaces will be denoted by H n Qder (E, E). Let us notice that a Qder-1-cocycle is a quasi-derivation D: Sec(E) → Sec(E) such that
i.e. D is a derivation of the Lie bracket. Any Qder-1-coboundary is of the form
so that 1-coboundaries are just inner derivations. Hence,
Theorem 7. For an affine bundle A over M , every Lie affgebroid bracket on A has the form
where 
It is easy to see that this formula defines a Lie affgebroid bracket on A with the linear part [ , ] v . The Jacobi identity follows from the fact that D is a derivation of [ , ] v , and the existence of the anchor follows from the fact that D is a quasi-derivation. If we choose another representant
, and we get another bracket
We have clearly an isomorphism between [ , ] and
The next theorem shows that every Lie affgebroid structure can be extended to a standard Lie algebroid. 
is a Lie algebroid bracket on E ⊕ R extending [ , ] 0 on sections of E = E ⊕ {0} ⊂ E ⊕ R and such that [Sec(A), Sec(A)] ⊂ Sec(E), where A is the affine subbundle A = E ⊕ {1} of E ⊕ R, modeled on V(A) = E = E ⊕ {0}.
Conversely, every Lie algebroid extension of [ , ] 0 with the above properties has the form (48) and the isomorphism class of such a Lie algebroid bracket on E ⊕ R is determined by the class [D]. The Lie algebroid bracket (48) reduced to the sections of A gives a Lie affgebroid bracket (45) on A with
Proof: The C ∞ (M )-module Sec(E⊕R) is generated by the sections of E and the section α 0 = (0, 1) ∈ Sec(E ⊕ R). There is a unique extension of the bracket [ , ] 0 on sections of E to a Lie algebroid bracket on Sec(E ⊕ R) for which ad α0 = D, namely the bracket (48). The Jacobi identity follows from the fact that D is a derivation of [ , ] 0 , and the existence of the anchor follows from the fact that D is a quasiderivation. If we choose another representant
the corresponding Lie algebroid bracket [ , ]
′ on Sec(E ⊕ R) goes to (48) with respect to the isomorphisms (X p , t) → (X p + tY (p), t) of Sec(E ⊕ R). Indeed, with respect to this isomorphism (X, f ) goes to (X + f Y, f ), i.e. sections X of E are preserved and α 0 goes to α 0 + Y . Since Remark. The mentioned isomorphisms are, in general, non-canonical and depend on the choice of a section or a representant of the class in H 1 Qder (V(A), V(A)). A canonical way to interpret a Lie affgebroid as an affine subbundle of a Lie algebroid will be described in the next section.
Affine -special linear duality.
For an affine bundle τ : A → M , let τ † : A † → M be the vector bundle of affine functions on fibers of A, i.e. the fiber A † p at p ∈ M is the space Aff(A p , R) of affine functions on A p . It is easy to see that A † carries a canonical smooth vector bundle structure. Locally, for coordinates (x a ) on M and for a local basis e 0 , e 1 , . . . , e n of sections of A (i.e. e 1 − e 0 , e 2 − e 0 , . . . , e n − e 0 , form a local basis of sections of V(A)), we have the corresponding coordinates (x a , s i ) on A such that for α ∈ A p α = e 0 (p) + i s i (α)(e i (p) − e 0 (p)).
The adapted local coordinates on A † are (x a , a i , b) and for f ∈ A † p , we have
Note that A † is a special vector bundle with the distinguished section 1 A corresponding to the constant function with the value 1. The special vector bundle (A † , 1 A ) will be called the vector dual to the affine bundle A. Conversely, with a special vector bundle V = (V, ϕ 0 ) we associate an affine bundle V ‡ which is identified with the affine subbundle of the dual vector bundle V * , defined by the equation
For the detailed discussion on affine structures involved see Section 8. Since for any vector bundle V we have the obvious identification
of sections of V * with linear functions on the dual bundle V , sections of (V, ϕ 0 ) ‡ can be viewed as those linear functions on V which take the value 1 on ϕ 0 (M ) ⊂ V . The evaluation mappings
are affine-linear and such that f, ϕ 0 ϕ0 = 1, a,
are morphisms of special vector spaces. By a pairing between an affine bundle A and a special vector bundle V = (V, ϕ 0 ) over M we mean an affine-linear mapping ·, · :
with the following properties:
(i) a, ϕ 0 = 1 for each a ∈ A, (ii) it is nondegenerate, i.e. the induced morphisms V → A † and A → V * are injective.
Note, that the image of the induced mapping A → V * is contained in V ‡ .
Theorem 9. Let
be a pairing between an affine bundle A and a special vector bundle V = (V, ϕ 0 ). Then the induced morphisms V → A † and A → V ‡ are isomorphisms.
Corollary 1. We have natural isomorphisms
Proof of the Theorem: Let φ r : V → A † and φ l : A → V ‡ be the mappings induced by the pairing ·, · . Since they are injective, it is enough to prove that they are surjective. Since 1 ∈ φ r (V p ) and the intersection of the kernels v∈Vp Ker ·, v v is trivial, φ r is an epimorphism. Moreover, φ r (ϕ 0 ) = 1 A .
It remains to show that
there are infinitely many ϕ ∈ V p for which ·, ϕ = 1, in spite of the fact that φ r is injective.
In this way we have defined duality between affine bundles on one hand and special vector bundles on the other hand. The vector bundle (A † ) * we denote by A and call the vector hull of the affine bundle A. The affine bundle A is canonically isomorphic to the affine subbundle of A described as a 1-level set of the linear function ı ϕ0 on A defined by a non-vanishing section ϕ 0 of A † .
Example 3. Let A be an affine bundle modeled on a one-dimensional vector bundle V(A) over M . A fiber of A † is a vector space of dimension 2 and for each a ∈ A p the fiber A † p can be split into a direct sum of two 1-dimensional subspaces: one contains constant functions and the other one consists of functions vanishing at a. The first subspace can be parameterized by reals and the second by the linear parts, i.e. by elements of (V(A)) * p . We have then a surjective mapping
which is a linear isomorphism for each a ∈ A. The equality η(a, ϕ, t) = η(a ′ , ϕ ′ , t ′ ), i.e.
is equivalent to ϕ = ϕ ′ and t = t ′ + ϕ ′ (a − a ′ ). It follows that the level sets of η are orbits of the fiber-wise action of V(A) on A × M V(A) * × R:
Since η a = η(a, ·, ·) is an isomorphism for each a, we have also the dual isomorphism for a ∈ A p
The level sets of the dual action
(η * ) a = ((η a ) * ) −1 , are the orbits of the dual action of V(A) on A × M V(A) × R, given by the formula
and A can be viewed as the vector bundle of the orbits [(a, v, t)]. In the representations given by η and η * , the canonical pairing between A † and A takes the form
and the embedding A ֒→ A is given by a → [(a, 0, 1)]. ♠ Example 4. Let Z be a one-dimensional affine bundle over M modeled on the trivial bundle M × R.
In this case
With these identifications the level sets of η and η * are, respectively, the orbits of R-actions:
(α, (z, s, t)) → (z + α, s, t + sα) and (α, (z, s, t)) → (z − α, s + αt, t).
We can identify z ∈ Z p with an affine function Z p ∋ y → z − y represented by the triple (z, −1, 0). Thus we have inclusions Z ֒→ Z and Z ֒→ Z † which define an isomorphism of Z † and Z, and the pairing
Let f, g be affine functions represented by (z, s, t) and (z ′ , s ′ , t ′ ) respectively, i.e. f (y) = t + s(y − z) and g(y) = t ′ + s ′ (y − z ′ ). Then the formula (62) reads
where X 0 = − ∂ ∂y is the fundamental vector field associated with the R-action on Z. For s = 0 the equivalence classes can be parameterized by Z × R * :
and for s = 0 by R:
It follows that Z † can be parameterized by the set Z 0 = (Z × R * ) ∪ (M × R × {0}) with the obvious projection on M . In this representation the vector bundle structure of Z † is given by the formulae
The vector (s, a) represents the affine function on Z p vanishing at s and with directional coefficient a, a = 0 and (t, 0) represents the constant affine function equal to t. ♠ Example 5. Let Z be a one-dimensional affine bundle which is vectorially trivial. The vector bundle TZ introduced in Example 1 has a non-vanishing distinguished section X 0 , so that it is a special vector bundle. An element of the dual affine bundle T ‡ Z = ( TZ) ‡ is a hyperspace in T p Z, transversal to X 0 (p). It follows that a section of T ‡ Z can be identified with a ψ-invariant horizontal distribution, i.e. a connection on Z. Standard representation of such connection is a ψ-invariant 1-form α on Z such that α, X 0 = 1. In [18] the affine bundle T ‡ Z has been denoted by PZ. This is an affine version of the cotangent bundle T * M . ♠
The Lie algebroid hull of a Lie affgebroid.
We begin this section with the following lemma.
Lemma 1. Let A be an affine subspace of a finite dimensional vector space
Proof: (1) Inductively, A = a 0 + V(A) for any a 0 ∈ Sec(A) and a 0 / ∈ V(A), so
Assume, that A ⊗n spans the n-fold tensor product of V and let
i.e. v 1 ⊗ . . . ⊗ v n+1 is a linear combination of elements of A ⊗(n+1) . (2) follows easily from (1). Proof: For a given section α 0 of A there is a unique isomorphism of A with the affine subbundle A ′ = V(A) ⊕ {1} of V(A) ⊕ R such that α 0 + X corresponds to (X, 1) for any section X of V(A). This isomorphism extends uniquely to an isomorphism of vector bundles A and V(A) ⊕ R which maps sections f α 0 + X to (X, f ). According to Theorem 8, there is a Lie algebroid bracket [ , ] on V(A) ⊕ R which, restricted to Sec(A) ≃ Sec(A ′ ), gives a Lie affgebroid bracket, so the existence follows. This Lie affgebroid bracket defines the bracket and anchors for a generating set of sections of A (A spans A), so the Lie algebroid bracket on A extending the Lie affgebroid bracket on A is unique.
Note that the above result has been already mentioned in [15] . Now, let τ : A → M be an affine bundle and let ϕ = 1 A be the section of A † such that A is the level-1-set of ϕ in A = (A † ) * . Let [ , ] be a Lie algebroid bracket on sections of A, let Λ be the corresponding linear Poisson tensor on A † and let d be the corresponding exterior derivative. Let Sec( A) ∋ X → X c ∈ X( A) be the complete lift of sections of the Lie algebroid A to vector fields on A (cf. [11, 3, 4] ). 
where L is the Lie derivative and ı µ is the linear function on A corresponding to µ (see [11, 3, 4] ). Since, for X ∈ Sec(A),
we get X c (ı ϕ ) = 0. Since A is a level-set of ı ϕ , it follows that X c is tangent to A. (V(A) ). Now, the Jacobi identity and the existence of the anchor map for the bracket restricted to a map on Sec(A) × Sec(A) follows directly from the corresponding properties of the Lie algebroid bracket [ , ] .
According to Theorem 11 (5) , the complete lift X c of any section X of A, so also for any section of V(A), is tangent to the submanifold A of A and we can define the Lie affgebroid complete lift X A as the restriction of the vector field X c to A. Since V T (X)(ı ϕ ) = X, ϕ • τ , also the vertical lift of any section X of V(A) is tangent to A. Its restrictions to A we will denote V A T (X) and call the Lie affgebroid vertical lift of X.
Theorem 12. For any Lie affgebroid bracket [ , ] on A and all sections
Here the brackets on the left-hand sides are clearly the brackets of vector fields on A.
Proof:
The above identities follow immediately from the analogous identities for the complete and vertical lifts of sections of a Lie algebroid (cf. [3, 4] ).
Theorem 11 implies that a Lie affgebroid structure on A is determined, in fact, by a Lie algebroid structure on a vector bundle E (which is A) and a non-vanishing 1-cocycle ϕ ∈ Sec(E * ). This is a particular case of a generalized Lie algebroid in the sense of Iglesias and Marrero [6] or a Jacobi algebroid in the sense of [5] . In the particular case, when the 1-cocycle ϕ is trivial, we get the affine Lie algebroid in the sense of [15] as shows the following. 
for any section X of A, the function t is regular, so that t : M → R is a fibration and γ(X) is projectable onto ∂ ∂t . Remark. In the case when ϕ is not trivial one can make it trivial for the prize of extending the base manifold by R. This construction for generalized Lie algebroids can be found in [6] . The sections of the corresponding Lie algebroid can be viewed as time-dependent sections of the original one.
Exterior calculus.
Definition 4. An affine k-form on an affine bundle A over M is a skew-symmetric k-affine map
which comes from an affine morphism
Remark. This definition coincides with that one in [15] . The space AffΩ k (A) of affine k-forms is a C ∞ (M )-module in the obvious way. We have also the standard wedge product on the graded space AffΩ(A) = ⊕ k∈Z AffΩ k (A) which makes AffΩ(A) into a graded associative commutative algebra. Here, for all i 1 , . . . , i k ∈ {0, . . . , n}. We will show that µ is the restriction of µ to sections of A. First, we observe that, since µ is skew-symmetric and affine,
for certain affine-multilinear and linear maps µ v and µ v , respectively, and for all v 1 , . . . , v k ∈ Sec(V(A)). A similar formula for µ reads
Hence,
This implies further, by (69), that
for all i 1 , . . . , i k ∈ {0, . . . , n}. Since both µ and
and finally, due to (69), that
i.e. that µ is the restriction of µ to sections of A.
It is well known that a Lie algebroid structure determines an exterior derivative on forms. So, the Lie algebroid structure on A, extending the Lie affgebroid structure on A, gives rise to an exterior derivative d:
which, in view of the previous theorem, can be seen as an exterior derivative on AffΩ n (A):
The derivation property of d means that
Since we obtain affine k-forms on A from k-forms on A by restriction, the Cartan-like formula for d is clearly Theorem 18. In the notation of Theorem 17, f σ = ρ * (σ) (i.e. f σ is the pull-back of the section σ) with respect to the morphism of the special affine bundles
where R is the special vector space (R, −1) and ρ(e m , t) = e m − tϕ(m).
Let us remark that, completely analogously, one can consider the affine bundles obtained from affine projections ρ: A 1 → A 2 of affine bundles instead of vector bundles. We get results similar to the above ones for affine sections and functions instead of linear ones. 
Since, due to Theorem 17, we have the canonical identification LinSec(ρ) ≃ Sec(A) and Lin(V (A) * , R) ≃ V(A), any Lie affgebroid bracket on A corresponds to a unique Lie affgebroid bracket on LinSec(ρ) and vice-versa.
Lemma 2.
There is a one-to one correspondence between quasi-derivations D: Sec(E) → Sec(E) of a vector bundle E over M and linear vector fields D on E * such that
Proof: In local linear coordinates (x a , y i ) on E * associated with a basis (e i ) of sections of E and local coordinates (x a ) on M , we put
where D(e i ) = f 
